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Abstract. An application of empirical likelihood method to non-Gaussian locally
stationary processes is presented. Based on the central limit theorem for locally
stationary processes, we calculate the asymptotic distribution of empirical likeli-
hood ratio statistics. It is shown that empirical likelihood method enables us to
make inference on various important indices in time series analysis. Furthermore,
numerical studies indicate empirical likelihood method gives nice estimation re-
sults.
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1 Introduction

Empirical likelihood method is one of the nonparametric methods for statistical
inference proposed by Owen (1988, 1990). It is shown that empirical likelihood
ratio is asymptotically chi-square distributed and used for constructing confidence
regions for the mean, for a class of M-estimates that includes quantile, and for dif-
ferentiable statistical functionals. Empirical likelihood method has been applied to
many scenes because of its good properties: generality of nonparametric method
and effectiveness of likelihood method. For example, we can name applications to
general estimating equations (Qin and Lawless (1994)), regression models (Owen
(1991), Chen (1993, 1994)), biased sample models (Qin (1993)), etc. Applications
are also extended to dependent observations. Kitamura (1997) developed block-
wise empirical likelihood for estimating equations and for smooth functions of
means. Monti (1997) applied the empirical likelihood method to linear processes,
essentially under circular Gaussian assumption, using a spectral method. For short-
and long-range dependence, Nordman and Lahiri (2006) gave the asymptotic prop-
erties of frequency domain empirical likelihood.
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As we named above, some applications to time series analysis can be seen but
it seems that they were mainly for stationary processes. Although stationarity is
the most fundamental assumption when we are engaged in time series analysis, it
is also known that real time series data are generally nonstationary (e.g., economics
analysis). Therefore we need to use nonstationary models in order to describe the
real world. Recently Dahlhaus (1996a, 1996b, 1997) proposed an important class
of nonstationary processes, called locally stationary processes. Locally stationary
processes have so called time varying spectral density whose spectral structures
smoothly change in time.

In this paper we extend the empirical likelihood method to non-Gaussian lo-
cally stationary processes with time-varying spectra. We derive the asymptotic
distribution of empirical likelihood ratio based on the central limit theorem for lo-
cally stationary processes, which is seen in Dahlhaus (1997, Theorem A.2). We
obtain the result that the empirical likelihood ratio converges to a sum of Gamma
distribution. Especially, when we consider the stationary case, i.e., the time vary-
ing spectral density is independent of time parameteru, the asymptotic distribution
becomes chi-square.

As an application of this method, we can estimate an extended autocorrelation
for locally stationary processes. Besides we can consider a Whittle estimation
which is stated in Dahlhaus (1997).

This paper is organized as follows. Section 2 describes our setting. In Section
3, for non-Gaussian locally stationary processes, we propose an empirical like-
lihood method and give the asymptotic distribution. In Section 4 we give some
numerical studies on confidence regions of the autocorrelation and on Whittle es-
timation in locally stationary processes.

2 Setting

We consider a locally stationary processXt,T (t = 1, . . . ,T) which has the repre-
sentation

Xt,T =

∫ π

−π
exp(iλt)A◦t,T(λ) dξ(λ). (1)

Here the following holds.

(i) ξ(λ) is a stochastic process on [−π, π] with ξ(λ) = ξ(−λ) and

cum
{
dξ(λ1), . . . ,dξ(λk)

}
= η

( k∑

j=1

λ j

)
qk(λ1, . . . , λk) dλ1 . . .dλk,
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where cum{· · · } denotes the cumulant ofkth order, q1 = 0, q2(λ) = 1,
|qk(λ1, . . . , λk)| ≤ constk for all k andη(λ) =

∑∞
j=−∞ δ(λ + 2π j) is the pe-

riod 2π extension of the Dirac delta function.

(ii) A◦ is called a transfer function and there exists a constantK and 2π-periodic
functionA : [0,1] × R→ C with A(u,−λ) = A(u, λ) which satisfies

sup
t,λ

∣∣∣∣∣∣A
◦
t,T(λ) − A

( t
T
, λ

)∣∣∣∣∣∣≤ KT−1

for all T; A(u, λ) are assumed to be continuous inu.

The time-varying spectral density is defined asg(u, λ) := |A(u, λ)|2. The local
periodogramIN is defined as follows. Leth : R→ R be a data taper withh(x) = 0
for x < [0,1] and (forN even),

dN(u, λ) =

N∑

s=1

h
( s
N

)
X[uT]−N/2+s,T exp(−iλs),

Hk,N =

N∑

s=1

h
( s
N

)k
,

IN(u, λ) =
1

2πH2,N
|dN(u, λ)|2.

We calculateIN over the segments with midpointst j := j − 1+ N/2 ( j = 1, . . . ,M)
whereT = M − 1 + N, or, written in rescaled time, at time pointsu j := t j/T.

3 Empirical likelihood approach for non-Gaussian locally
stationary processes

Consider inference on a parameterθ ∈ Θ ⊂ Rq based on a stretchX1,T , . . . ,XT,T .
We suppose that information aboutθ exists through a system of general estimat-
ing equations. For short- or long-memory processes, Nordman and Lahiri (2006)
supposed thatθ0 (true value ofθ) is specified from the following spectral moment
condition

∫ π

−π
φ(λ, θ0) g(λ) dλ = 0

whereφ(λ, θ) is an appropriate estimating function which depends onθ. For locally
stationary processes, we naturally set thatθ0 satisfies the following time-spectral
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moment condition
∫ 1

0

∫ π

−π
φ(u, λ, θ0) g(u, λ) dλdu = 0. (2)

Hereφ : [0,1] × [−π, π] × Rq → Cq is an estimating function which depends
on θ and satisfies Assumption 1 (i) (below). We give brief examples ofφ and
correspondingθ0.

Example 1 (Autocorrelation) Let us set

φ(u, λ, θ) = θ − eiλk

then (2) leads to

θ0 =

∫ 1
0

∫ π

−π eiλkg(u, λ) dλdu
∫ 1
0

∫ π
−π g(u, λ) dλdu

. (3)

When we consider the stationary case (i.e.g(u, λ) is independent of time parameter
u), (3) becomes

θ0 =

∫ π

−π eiλkg(λ) dλ
∫ π

−π g(λ) dλ
,

which expresses the autocorrelation with lagk. So, (3) can be interpreted as a kind
of autocorrelation with lagk for locally stationary processes.

Example 2 (Whittle estimation) Consider the problem of fitting a parametric spec-
tral model to the true spectral density by minimizing ”distance” of them. For sta-
tionary process, this problem is considered in Hosoya and Taniguchi (1982) and
the method by more general spectral disparity measure is investigated in Kakizawa
(1997). For locally stationary process, the ”distance” betweengθ(u, λ) andg(u, λ)
is measured by

L(θ) =
1
4π

∫ 1

0

∫ π

−π

{
loggθ(u, λ) +

g(u, λ)
gθ(u, λ)

}
dλdu

and we seek the point which minimizes this, that is

θ0 = arg min
θ∈Θ
L(θ). (4)

Under appropriate conditions, the true minimum argument (4) is determined by the
equation∂L(θ)/∂θ = 0. Suppose that the fitting model is described asgθ(u, λ) =

4



σ2(u) fθ(u, λ), which meansθ is free from innovation partσ2(u). Then, by Kol-
mogorov’s formula (Dahlhaus (1996a Theorem 3.2)) we can see that

∫ π

−π loggθ(u, λ) dλ
is independent ofθ. So the differential condition onθ0 becomes

∫ 1

0

∫ π

−π

∂

∂θ
gθ(u, λ)−1

∣∣∣∣∣
θ=θ0

g(u, λ) dλdu = 0.

This is the case when we set

φ(u, λ, θ) =
∂

∂θ
gθ(u, λ)−1.

Now, we set

mj(θ) =

∫ π

−π
φ(u j , λ, θ)IN(u j , λ) dλ ( j = 1, . . . ,M).

as an estimating function and use the following empirical likelihood ratio function
R(θ) defined by

R(θ) = max
w


M∏

j=1

Mw j |
M∑

j=1

w j mj(θ) = 0, w j ≥ 0,
M∑

j=1

w j = 1

 . (5)

To show the asymptotic distribution of the empirical likelihood ratio, we need the
following assumption.

Assumption 1

(i) The functionφ(u, λ, θ) is 2π-periodic inλ and the periodic extension is dif-
ferentiable inu andλ with uniformly bounded derivative (∂/∂u)(∂/∂λ)φ.

(ii) The parametersN andT fulfill the relationsT1/4 � N � T1/2/ logT.

(iii) The data taperh : R → R with h(x) = 0 for all x < (0, 1) is continu-
ous onR and twice differentiable at allx < P whereP is a finite set and
supx<P |h′′(x)| < ∞.

(iv) Fork = 1, . . . ,8,

qk(λ1, . . . , λk−1) = ck (constant).

Then we get the following theorem.
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Theorem 1 SupposeX1,T , . . . ,XT,T are realization of a locally stationary process
which has the representation (1). Then

−1
π

logR(θ0)
d→ (FN)′(FN)

as T → ∞, whereN is a q-dimensional normal random vector with zero mean

vector and covariance matrixI q (identity matrix) andF = Σ
− 1

2
2 Σ

1
2
1 . HereΣ1 is q

byq matrix whose(i, j) element is

(Σ1)i j =
1
2π

∫ 1

0

[∫ π

−π
φi(u, λ, θ0){φ j(u, λ, θ0) + φ j(u,−λ, θ0)}g(u, λ)2 dλ

+c4

∫ π

−π
φi(u, λ, θ0)g(u, λ) dλ

∫ π

−π
φ j(u, µ, θ0)g(u, µ) dµ

]
du

andΣ2 is q byq matrix whose(i, j) element is

(Σ2)i j =
1
2π

∫ 1

0

[∫ π

−π
φi(u, λ, θ0){φ j(u, λ, θ0) + φ j(u,−λ, θ0)}g(u, λ)2 dλ

+

∫ π

−π
φi(u, λ, θ0)g(u, λ) dλ

∫ π

−π
φ j(u, µ, θ0)g(u, µ) dµ

]
du.

Remark 1 Denote the eigenvalues ofF′F by a1, . . . ,aq, then we can write

(FN)′(FN) =

q∑

i=1

Zi (6)

whereZi is distributed asGamma(1/2, 1/(2ai)), independently.

Remark 2 If the process is stationary, that is, the time varying spectral density is
independent of time parameteru, we can easily see thatΣ1 = Σ2 and the asymptotic
distribution becomes the chi-square with degree of freedomq.

4 Numerical example

In this section, we present a simulation example for the estimate of the autocorre-
lation in locally stationary processes which is stated in Example 1.

Consider the following time varying AR(1) process

Xt,T − a
( t
T

)
Xt−1,T = εt for t ∈ Z (7)
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whereεt
i.i.d.∼ Gamma

(
3/π, (3/π)1/2)−(3/π)1/2 anda(u) = (u−b)2, b = 0.1,0.2, . . . ,0.9.

In this setting, we estimate the autocorrelation with lagk = 1, which is expressed
as

θ0 =

∫ 1
0

∫ π
−π eiλg(u, λ) dλdu

∫ 1
0

∫ π
−π g(u, λ) dλdu

.

We generateT = 300 observations from (7) and choose the segment lengthN = 30
andh(x) = (1/2){1 − cos(2πx)} as the data taper. Then we calculate values of the
test statistic−π−1 logR(θ) at numerous pointsθ and obtain confidence intervals by
collecting theθ which satisfy−π−1 logR(θ) < zα wherezα is α-percentile of the
asymptotic distribution in Theorem 1.

We choose confidence probability 90% and carry out the above procedure 100
times with eachb. Table 1 shows the average of lower and upper bounds and length
of the intervals. All confidence intervals contain true values, so this empirical
likelihood procedure works well.

Table 1: 90 % confidence intervals of the autocorrelation with lagk = 1.

b True value Lower bound Upper bound Length
0.1 0.3077 0.1747 0.3642 0.1895
0.2 0.1975 0.1065 0.2549 0.1484
0.3 0.1321 0.0376 0.1803 0.1428
0.4 0.0961 0.0174 0.1416 0.1242
0.5 0.0846 0.0174 0.1388 0.1213
0.6 0.0961 0.0215 0.1404 0.1189
0.7 0.1321 0.0461 0.1813 0.1352
0.8 0.1975 0.1017 0.2562 0.1545
0.9 0.3077 0.1782 0.3587 0.1805

Second, we consider the Whittle estimation and compare the result by empiri-
cal likelihood method with that by Dahlhaus’s asymptotic results (1997, Theorem
3.3). Consider the time varying AR(1) process (7) again wherea(u) = aθ(u) =

θ(u − 1/2) + 1/2, |θ| < 1 andεt is same as the previous example. In this setting,
we estimate the parameterθ. This is the case that the model class contains the true
model, that is,gθ0(u, λ) = g(u, λ). The spectral density of this time varying AR(1)
model is expressed as

gθ(u, λ) =
1
2π
|1− aθ(u)eiλ|−2.
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In the empirical likelihood method, we set

φ(u, λ, θ) =
∂

∂θ
gθ(u, λ)−1.

and again set the sample sizeT = 300, the segment lengthN = 30 and data taper
h(x) = (1/2){1− cos(2πx)}. Then we calculate−π−1 logR(θ) at numerous pointsθ
and obtain theα% confidence intervals as in the previous example.

In the method of Dahlhaus’s asymptotic theory, we first searchθ̂T , which min-
imizes

LT(θ) =
1
4π

∫ 1

0

∫ π

−π

{
log f (u, λ, θ) +

IN(u, λ)
f (u, λ, θ)

}
dλdu.

Under regular conditions, we have

√
T(θ̂T − θ0)

d→N(0, υ−1)

where

υ =
1
4π

∫ 1

0

∫ π

−π

(
∂

∂θ
log f (u, λ, θ)

∣∣∣∣∣
θ=θ0

)2
dλdu

(c.f. Dahlhaus (1997, Theorem 3.3 and 3.4 Corollaries and Remarks)). Due to this
asymptotic result, we can also obtain theα% confidence intervals as

(
θ̂T − ξ(1+α)/2

√
υ−1

T
, θ̂T + ξ(1+α)/2

√
υ−1

T

)

whereξα is anα-percentail of the standard normal distribution.
We choose confidence probability 90% and carry out the above procedures

100 times for each method with variousθ. Table 2 shows the averages of lower
and upper bounds and lengths of the intervals. The upper side in each cell shows
the result with empirical likelihood method and the lower side shows that with
Dahlhaus’s method. It can be seen that the lengths of confidence intervals with
empirical likelihood method are shorter than Dahlhaus’s method. Therefore we
can find that the empirical likelihood method is more efficient.
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Table 2: 90 % confidence intervals ofθ.

θ Lower bound Upper bound Length

0
-0.1836 0.1725 0.3561
-0.2897 0.2801 0.5698

0.1
-0.0732 0.2985 0.3717
-0.1703 0.3982 0.5685

0.3
0.1461 0.4817 0.3357
0.0403 0.5978 0.5574

0.5
0.3013 0.6393 0.3379
0.2120 0.7452 0.5333

0.7
0.4895 0.7925 0.3031
0.4055 0.8948 0.4893

0.9
0.6977 0.9743 0.2766
0.5914 0.9913 0.3999
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