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For a Gaussian stationary process with meanµ and autocovariance

functionγ(·), we consider to improve the usual sample autocovariances

with respect to the mean squares error (MSE) loss. For the casesµ = 0

andµ , 0, we propose sort of empirical Bayes type estimatorsΓ̂ andΓ̃,

respectively. Then their MSE improvements upon the usual sample auto-

covariances are evaluated in terms of the spectral density of the process.

Concrete examples for them are provided. We observe that if the process

is near to a unit root process the improvement becomes quite large. Thus,

consideration for estimators of this type seems important in many fields,

e.g., econometrics.

1 Introduction.

For k-dimensional independent normal observations, Stein (1956) showed that the sample mean is
not admissible with respect to the mean squares error (MSE) loss function, ifk ≥ 3. Furthermore
James and Stein (1961) proposed a shrinkage (J-S) estimator which improves the sample mean
with respect to MSE ifk ≥ 3. The analysis has been extended to the case of estimation for the
linear regression model with independent disturbance. For estimation of the covariance matrix of
independent normal observations, James and Stein (1961) proposed a quadratic form estimator with
weighted diagonal matrix, and showed that this estimator dominates the usual sample covariance
matrix. Also Stein (1964) showed in the univariate case, that a truncated estimator utilizing the
information in the sample mean dominated the usual sample variance. In view of empirical Bayes
estimation, Haff (1980) proposed an estimator for the normal covariance matrix, which dominates
the sample covariance matrix with respect to MSE. Anderson (1984) provides a summary of this
field.
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There have been a lot of works discussing improved estimation for the mean and covariance of
independent multivariate normal observations. However, for dependent observations, investigations
on this topic seem exiguous. For a vector-valued Gaussian process with mean vectorµ, Taniguchi
and Hirukawa (2005) investigated the MSE of the J-S estimatorµ̂JS. Then they gave a sufficient
condition forµ̂JS to improve upon the sample mean.

In this paper, motivated by Haff (1980)’s approach, we propose a sort of empirical Bayes esti-
mator for the autocovariances of a Gaussian stationary process, and discuss the improvement on the
usual sample autocovariances. We show in some case, that the improvement becomes very large,
for example, in near unit root case. Hence, consideration on this type of estimators seems very
important in econometrics etc.

This paper organized as follows. Section 2 describes settings and assumptions for the Gaussian
process, and introduce our new estimatorsΓ̂ andΓ̃ of the autocovariances for the both cases when
the mean of the process is zero and nonzero, respectively. Then we evaluate the asymptotic risk
(MSE) differences between them and the usual sample autocovariances. The improvements are
expressed in terms of the spectral density of the process. In Section 3 we give explicit forms of the
improvements for the cases of AR(1) and MA(1). Then we observe that the improvements become
very large if AR(1) tends to a unit root process.

Throughout this paper we denote the set of all integers byZ.

2 Improved estimators for autocovariances.

Let {Xt : t ∈ Z} be a Gaussian stationary process with meanµ and autocovariance function{γ(s) :
s ∈ Z} satisfying

ASSUMPTION1.

∞∑

s=−∞
|s| |γ(s)| < ∞.

Then, the process has the spectral density

f (λ) =
1
2π

∞∑

s=−∞
γ(s) e−isλ. (2.1)

Here we are interested in estimating the followingp× p-autocovariance matrix

Γ =



γ(0) sym

γ(1)
. . .

...
. . .

. . .

γ(p− 1) · · · γ(1) γ(0)


. (2.2)
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Suppose that an observed stretch{X1,X2, . . . ,Xn} of the series{Xt : t ∈ Z} is available. Whenµ = 0,
the sample autocovariance estimator forΓ is of the form

Γ̂0 ≡ 1
n− k

Sn, (2.3)

where

Sn =

n∑

t=p

XtX′t , Xt = (Xt, . . . ,Xt−p+1)′, with k = 0 or p− 1.

Whenµ , 0, the sample autocovariance estimator forΓ is of the form

Γ̃0 ≡ 1
n− k

S̃n, (2.4)

where

S̃n =

n∑

t=p

X̃tX̃′t , X̃t = (Xt − X̄n, . . . ,Xt−p+1 − X̄n)′,

with X̄n = n−1 ∑n
t=1 Xt andk = 0 or p− 1. The estimatorŝΓ0 andΓ̃0 are very fundamental, and are

often used in time series analysis. Their goodness is measured by the loss function

L(Γ̂0, Γ) = tr{Γ̂0Γ−1 − I }2, (I is thep× p-identity matrix) (2.5)

and the riskR(Γ̂0, Γ) = E{L(Γ̂0, Γ)}.
In the case of independent vector observations{X1,X2, . . . ,Xn} with covariance matrixΓ, Haff

(1980) provided an empirical Bayes estimator which dominates (n− k)−1Sn with respect to the risk
R( , ). Motivated by Haff’s approach, we introduce special forms of Haff’s empirical estimator

Γ̂ =
1

n− k

(
Sn +

b

n tr S−1
n C

C

)
, (2.6)

and

Γ̃ =
1

n− k

(
S̃n +

b

n tr S̃−1
n C

C

)
, (2.7)

to improveΓ̂0 andΓ̃0, respectively, whereb is a constant, andC is a givenp × p-positive definite
matrix. Henceforth we investigate hoŵΓ andΓ̃ improveΓ̂0 andΓ̃0, respectively.

THEOREM1. Whenµ = 0, suppose that Assumption 1 holds. Then the asymptotic risk difference
for the estimatorŝΓ0 andΓ̂ is

lim
n→∞n2

[
R(Γ̂0, Γ) − R(Γ̂, Γ)

]
= −b

tr {CΓ−1}2
{tr Γ−1C}2 [b + B], (2.8)
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where

B =



2(−p + 1) {tr Γ−1C}2
tr {CΓ−1}2

+ 8π
tr {CΓ−1}2

∫ π
−π {tr H(λ)Γ−1CΓ−1}2 f (λ)2 dλ, if k = 0

8π
tr {CΓ−1}2

∫ π

−π {tr H(λ)Γ−1CΓ−1}2 f (λ)2 dλ, if k = p− 1

(2.9)

with H(λ) = { cos(j − l)λ ; j, l = 0,1, . . . , p− 1 } (p× p-matrix).

From (2.8), if we takeb = −B/2, then (2.8) is maximized. Hence we have,

COROLLARY 1. The maximum of (2.8) is

M{C, k, f (λ)} ≡ B2

4
tr {CΓ−1}2
{tr Γ−1C}2 . (2.10)

For Γ̃0 andΓ̃, we get the following results similarly as in the above.

THEOREM 2. Suppose that Assumption 1 holds. Then the asymptotic risk difference for the
estimators̃Γ0 andΓ̃ is

lim
n→∞n2

[
R(Γ̃0, Γ) − R(Γ̃, Γ)

]
= −b

tr {CΓ−1}2
{tr Γ−1C}2 [b + B̃], (2.11)

where

B̃ = B− 4π f (0)
tr {UΓ−1CΓ−1} · tr {Γ−1C}

tr {CΓ−1}2

Here

U = (1,1, . . . ,1)′(1,1, . . . ,1) (p× p−matrix).

The maximum of (2.11) is

M̃{C, k, f (λ)} ≡ B̃2

4
tr {CΓ−1}2
{tr Γ−1C}2 . (2.12)

For Γ̂0 andΓ̃0, if we takeb = −B/2 andb = −B̃/2 in Γ̂ andΓ̃, respectively, then̂Γ andΓ̃ improve
Γ̂0 andΓ̃0 with magnitudesM{C, k, f (λ)} andM̃{C, k, f (λ)}, respectively. BecauseB andB̃ depend
on f (λ) andΓ, i.e., B = B{ f (λ),Γ}, B̃ = B̃{ f (λ), Γ} in actual situation, we may estimate them by
B̂ = B{ f̂ (λ), Γ̂0} and ˜̃B = B{ f̂ (λ), Γ̃0}, where f̂ (λ) is a nonparametric spectral estimator forf (λ). B̂
and ˜̃B are integral functional of̂f (λ), hence they become

√
n-consistent estimators (e.g., Chapter

6 of Taniguchi and Kakizawa (2000)). Therefore we can setb = −B̂/2 andb = − ˜̃B/2 in Γ̂ andΓ̃,
respectively.
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3 Examples

In this section we concretely evaluateM{C, k, f (λ)} and M̃{C, k, f (λ)}, which show magnitude of
improvement for the proposed estimatorsΓ̂ andΓ̃, respectively.

EXAMPLE 1. (AR(1) model)
Suppose thatXt is a Gaussian AR(1) process with spectral densityfAR(λ) = |1− θeiλ|−2/2π, (−1 <
θ < 1), and thatp = 1, k = 0 andC = 1. Then it is not difficult to show

M{1, 0, fAR(λ)} = 4, (3.1)

and

M̃{1, 0, fAR(λ)} =

(
1− 3θ
1− θ

)2

. (3.2)

Evidently, ifθ ↗ 1, M̃{1,0, fAR(λ)} ↗ ∞, which impliesΓ̃ improves the usual estimatorΓ̃0 greatly.
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Figure 1:

EXAMPLE 2. (MA(1) model)
Suppose that{Xt} is a Gaussian MA(1) process with spectral densityfMA(λ) = |1−θeiλ|2/2π, (−1 <
θ < 1), and thatp = 1, k = 0 andC = 1. Then it is not difficult to show

M{1, 0, fMA(λ)} =
4(1+ 4θ2 + θ4)2

(1 + θ2)4
, (3.3)

5



and

M̃{1, 0, fMA(λ)} =
(1− 2θ + 6θ2 − 2θ3 + θ4)2

(1 + θ2)4
. (3.4)

Figure 2 shows the graph of̃M{1, 0, fMA(λ)}.
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Figure 2:

We observe some improvements ofΓ̂ and Γ̃ over the usual estimators. Especially, in the case of
(3.2), the improvement becomes very large. Thus it seems important to make consideration on the
proposed empirical Bayes type estimatorsΓ̂ andΓ̃.
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